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INTRODUCTION

1 Introduction

1.1 ASCs

Definition Abstract simplicial complex

An ASC is a set A of finite sets such that for all A € A and B C A, we have B € A.
Any ASC B such that B C A is a subcomplex of A.

Definition Vertex set |

VA =[] 4

AcA

Definition Dimension |

The dimension of a set A € A is #A — 1. The dimension of an ASC A is dim(A) = max #A.
€

Definition Generated ASC |

For any finite set S, we define (S) to be the smallest ASC containing S.

Standard Mobius strip |

M= ({{a—2,a,a+2}:a€cZ/5Z})

n-disk and n-sphere |

D" = 2{0,1,...,71} Sn—l - D" \ {O7 1’ . ,’I’L}

Closed strip, annulus and cone |

CSn(v) = ({{va; Va1, Vat2} : @ € Z/nZ})
Ap(v,w) = {{va, Wa,Vat1} 2 a € Z/nZ} U {{vg, Wa, Wa—1} : a € Z/nZ})
Ci(v) = ({{va, Vat1,Vc} 1 a € Z/nZL} ¢ & Z/nk)

Definition Cone on subcomplexl

For an ASC A, subcomplex B and ¢ ¢ V(A), we define the cone as

Az A=AU{BU{c}: Be B}

1.2 Graphs

Definition One-skeleton

For an ASC A, we define its one-skeleton by

ASD — fAc A #A<2}

Definition Simple graph |

A simple graph is a 1-dimensional ASC.

Lemma Tree lemma |

For all connected simple graphs G we have #V(G) — #E(G) <1, and #V(G) — #E(G) = 1 iff G is a tree.

Definition Connectedness |

An ASC is connected iff its one-skeleton is connected as a graph.
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2 Surfaces

Definition Link |
For u € V(.A) we define the link or horizon as

Lk(u) ={A€eA:v¢ Aand {v} UA € A}

Definition Surfacel
An surface is an ASC S such that for all u € V(S), the link Lk(u) is either a circle graph or an interval graph.

Definition Boundaryl
The boundary 0S of S is the ASC generated by all edges meeting precisely one triangle. |

Theorem |

The boundary of any surface is a disjoint union of circle graphs. |

2.1 Equivalence and Euler characteristic

Definition Stellar equivalent surfaces |

Surfaces S and S’ are stellar equivalent (denoted S = &) if they can be related by finitely many stellar moves:
1. If C'is a triangle in A, then B = Ap 1y, (A\ {C})
2. If edge E' meets two triangles C' and D, then B = A} (o 1y, (A\{C, D, E})

3. If edge E = {a,b} meets a unique triangle C = {a, b, ¢}, then B = A?{{a e} {b C}})(A \ {C,E})

A .b Aﬂ
a a b

T Hl 117

A M A

Definition Euler characteristic of a surface |

The Euler characteristic of a surface is defined as x(S) = #V(S) — #E(S) + #F(S),
where F'(S) is the set of triangles in S.

Lemma |

The Euler characteristic is invariant under stellar moves.

Lemma |

For any connected surface without boundary we have x(5) < 2

Definition Dual graphl
The dual graph D(S) of a surface S is the graph G whose vertices are the triangles of S. Two vertices v, w of D(S)
form an edge in D(S) iff the corresponding triangles of S meet in an edge.
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2.2 Orientation

Definition Orientation of a triangle |

A triangle {a,b, ¢} is oriented if we choose a cyclic order of its vertices, denoted [a, b, c].

Definition Orientation of a surface |

An orientation of a surface S is a choice of orientation for each triangle in S such that neighboring triangles are
oriented consistently. A surface is orientable if there exists an orientation.

Consistent: [0,1,2], [1,0, 3] Inconsistent: [0, 1,2], [0, 1, 3]

Theorem |

A surface S is orientable if and only if S does not contain a Mobius strip as a subcomplex.

2.3 Connected sums

Definition Connected sum |

The connected sum S#S’ of two oriented surfaces S and S’ is defined as follows.
Assuming V(S) NV (S) N {v;,v;} = &, choose oriented triangles T' = [to,t1,t2] € S and T = [t(, t},t5] € S,
and define

S#S' = ((SUS UA3(v,o"))\{T,T'})/ ~ wherev; ~t; and v, ~ t}

Lemma Properties of connected sum |

On oriented, connected surfaces without boundary, the connected sum operation is well-defined and:

1. For connected surfaces the connected sum is a connected surface without boundary that does not depend on
the chosen triangles or on the way they are glued.

2. If A= B then A#C = B#C
3. A#B = B#.A (commutativity)
4. (A#B)#C = A#(B#C) (associativity)

Theorem Classification theorem of surfacesl

Let S be a connected surface with b boundary circles.
Then S is stellar equivalent to the connected sum of S? with b holes and

e g toruses if S is orientable, and x(S) =2—-2g—1b

e ¢ projective planes if S is not orientable, and x(S) =2 — g —b.

3 Homology

3.1 Some linear algebra

Notation |

F, = Z/pZ is the finite field with p elements. The standard basis vectors in F™ are denoted ey, ..., e,
Linear combinations: For any x define Fx = {Az : A € F}. It is a vector space of dimension 1 with basis .

Definition Direct sum of vector spaces |

n
VeW={v+w:veV,we W} @ViZ‘G@VQ@-”@Vn

i=1
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Definition Coset and quotientl

Coset: V4+w={v+w:veV} Quotient: V/W ={v+W :v eV}

Matrix of a linear map |

The columns of the matrix are the images of the basis vectors: L(v;) = 3, M/ w;

We can write a linear map L : V — W as a matrix M = (M;) with respect to bases vq,...,v, of V and wq, ...

s Wy

Note |

Alternate notation for Gaussian reduction is shown on page 32 and 33 of the lecture notes.

Proposition |

For any linear map L : V' — W, there exist bases vy,...,v, of V and wy,...,w, of W such that
if 1 <
there exists  (rank) such that L(v;) =4 =" ' ="
Oifi>r

3.2 First homology

Definition g-simplex |

If an element A € A of an ASC has ¢+ 1 elements, it is called a ¢-simplex.
We denote the set of g-simplices in A by A@.

Definition Euler characteristic |

() = YDA

q=0

Notation |

FA denotes the vector space over F whose basis vectors are the elements of A.

Definition Chain spacesl

For an ASC A with subcomplex B C A define the chain vector spaces C;(A, B) as follows:
1. Co(A, B) is the vector space generated by A(®) /B(),
2. C1(A,B) =T1/0;, where
e T is the vector space generated by all oriented edges in A
e O; C T is generated by both sums of oriented edges [a, b] + [b, a] and all oriented edges in B.
3. C1(A,B) = T1/0O1 where

e T, is the vector space generated by all oriented triangles in A

e Oy C Ty is generated by both sums of oriented triangles [a, b, ¢] + [b, a, c] and all oriented triangles in 5.

Definition Boundary maps |

0y : C2(A, B) — C1(A, B) O ([a,b,c] + O2) = [a,b] + [b,c] + [¢c,a] + O1
01 : C1(A,B) = Cy(4, B) 01([a,b] + O1) = {b} — {a}

Lemma |

61062:0
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Definition First homologyl

Let A be an ASC with subcomplex B. Define:
Zl(A, B) = ker31 Bl(A, B) = 62(02(./4, B))
The first homology of A relative to B with coefficients in I is

Hl(Av B; F) = Zl(Av B)/Bl(Av B)

Lemma |

Let S be a surface with boundary 9S.
Hy(S,08) = H1(A§sS)

3.3 Simple homotopy equivalence

Definition Simplicial mapl

A simplicial map f: A — B is a map between the vertex sets of A4, B such that for all A € A we have f(4) € B.
f is a simplicial bijection iff f : V(A) — V(B) is invertible and f~!(B) € A for all B € B.

Inclusion map |

Let B be a subcomplex of A. The inclusion map ¢ : B — A, (v) = v is a simplicial map.

Definition Elementary collapse and expansion |

X € A is collapsible iff there is a unique p ¢ X such that X U {p} € A. We denote
Ix B=B\{X, X U{p}}

Conversely we say A =] x B expands to B5.

Definition Simple homotopy equivalence |

Two ASCs are simple homotopy equivalent (A = B) if they can be related by finitely many elementary collapses,
elementary expansions and simplicial bijections.

Lemma |

Two equivalent ASCs have the same Euler characteristic.

Lemma |

Two stellar equivalent surfaces are simple homotopy equivalent.

Definition /nduced map |

For any simplicial map f : A — B, there is a linear map f, 1 : H1(A) — H1(B), defined by

[f(l')a f(y)] if f(I) i ;(y) (extended Iinearly) f*71(5) — m

fu 1 C1(A) = C1(B)  fullz,y]) = {0 if f(z) = f(y)

Theorem |

If A~ B, then Hl(A) = Hl(B),
and ¢, 1 (the linear map induced from the inclusion map) is an isomorphism H;(A) — H:(B).
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4 The fundamental group

4.1 Some group theory

Definition Word |
Given a finite set (alphabet) X, a word in X is a finite sequence of elements in X. We write words without commas.

Definition Free group |

Let X be set and X = {Z : 2z € X} a set disjoint from X. The free group F(X) on generators X is the set of
equivalence classes of words in X U X with respect to the relation

Tx ~TT ~ D w ~ v if v can be obtained by inserting T or Zx in w

Definition Group presentationl

Given a finite set X and a set R of words in X U X, define (X | R) to be the set of equivalence classes of words in
X UX where w ~ v if v can be obtained by inserting words from RU {zZ | z € X} U{Zz | z € X}

Theorem Tietze's theorem |

Presentations (X | R) and (X | R) are isomorphic if and only if they are related by finitely many Tietze moves:
1. Include a new relation that is a consequence of the relations.

. Remove a relation that is a consequence of the other relations.

1

2
3. Include a new generator y together with the relation y~"w, for some word in the existing generators.
4

. If there is a relation of the form y~!w for some word w in the other generators,

remove y from the list of generators and replace each occurrence of y in the other relations by w.

Proposition |

All finite groups have a presentation. If you allow X, R to be infinite, then all groups have a presentation.

Examples of group presentations |

(91,92,---,9n | @) = F,  (free group)
(91,925, 9n | g'igjgi_lgj_l ch,j=1,...,n)=2Z" (Abelianization of the free group)

(919" =Z/nZ

4.2 The fundamental group

Definition Path |

A path in an ASC A is a sequence of vertices py, ..., py such that {p;,p;+1 € A}.

Definition Equivalence of pathsl

Two paths «, 8 in A are equivalent if A can be obtained by applying a finite number of the following replacements:
1. (c.o,0,..) e (v,
2. (... v,...) < (o.,v,u,0, .., provided {v,u} € AM
3. (..,v,w,...) < (...,v,u,w,...), provided {v,u,w} € A?

Definition Fundamental group |

The fundamental group m1(A,b) of an ASC A with base point b is the group of equivalence classes of paths
starting and ending at b. We define multiplication by concatenation, and the unit element is the constant path.

Theorem |

If A(S2) = B(<2) then the fundamental groups of A, B will be isomorphic.




4.3 Invariance 8 4 THE FUNDAMENTAL GROUP

Theorem Presentation of the fundamental groupl

Let A be a connected ASC and choose a maximal tree T'. For b € V(A), m1(A,b) = (X | R), where

X = {g[a,b] : [a’b] € A} R= {g[u,v]g[v,w]g[w,u] : {u,v,w} € A} U {g[u,v] : {u,v} € T}

Definition |

For a connected ASC A, b € V(A), and spanning tree T,
define yv to be the unique path in T from v to b not repeating vertices.

Proposition |

Consider (X | R) from the presentation theorem. The following map is an isomorphism:

h: (X | R) = m(A,Db) h(Glu,0]) = vyy~ v

4.3 Invariance

Proposition /nduced homomorphisml

Given a simplicial map f : A — B, there is an induced homomorphism

fe:mi(A,0) = mi(B, f(b)) fel(vo,v1, -+ 0n) = (f(v0), f(v1),-- -, f(vn)

Theorem |

If D~ C (and b is sent to b), then m;(C,b) = (D, b)

Lemma Changing the base pointl

71(A, b) = 71 (A, b') whenever there is a path 3 connecting b to b’. The isomorphism is f(a) = 37 1af.

Definition Abelianization |

For any group GG, the commutator subgroup [G, G] is the subgroup generated by all commutators:
[[g, h]] = ghg~'h ™" g,heq

G/|G, G] is the Abelianization of G.

Theorem |

Hy(A;Z) =2 m(Ab) [ [m1(A,b), m(A,b)]
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5 Covering spaces

5.1 Covering spaces

Definition Star |

The star of v € V(A) is
Starg(v) ={A e A: {v}UAec A}

Definition Covering space |

A covering (space) of an ASC B is a simplicial map p : ) — B for some ASC ) satisfying the following properties
for all v € V(B):

1. For all w € p~1({v}), the restriction Plstary (w) : Stary(w) — Stars(v) is a simplicial isomorphism.

2. For all w,w’ € p~1({v}), Stary(w) N Stary(w') = @

3. p~!(Stars(v)) = U Stary (w)
wep~1({v})

Lemma Path lifting |

Let p: Y — B be a covering. R R R
For any path 3 = (Bo,...,s) in Band By € p~1({Bo}) there is a unique path 3 starting at 3y in ).

Proposition |

Let p: Y — B be a covering. If B is connected, then #p~!({v}) does not depend on v € V(B).
The cardinality of p~1({v}) is called the number of sheets.

Definition Monodromy action |

71(B, b) acts from the right on p~1({b}) as follows:

b=x-[o] = endpoint of the lift & of « starting at =

Definition Standard coveringl

Imagine a connected ASC B with base point b and set G = m1(B,b). For any subgroup H < G define an ASC By
by setting V(By) =V (B) x G/H and p: V(By) — V(B) by p(b,z) = b:

By ={ACV(B) x G/H : zgpp) = ', ¥(b,x), (b',2") € A and p(A) € B}

5.2 Galois correspondence

Definition Covering morphism |

Let p: Y — B and q: Z — B be coverings.
We say that f: Y — Z is a B-morphism or covering morphism if go f = p.
If fis a simplicial isomorphism and both f and its inverse are B-morphisms we say f is a B-isomorphism.

B
We denote a B-isomorphism by V2 Z and the set of B-isomorphisms from ) to itself by Aut(}).

Theorem Galois correspondence theoreml

Let B be a connected ASC and b € V(B). Let CS be the set of conjugacy classes of subgroups of G = 71 (B, b),
and CC' the set of B-isomorphism classes of connected coverings of B. There is a well-defined bijection:

J:CC — CS H=p.(m(Y,b) =J(Q 5 B) bep'({b})

Moreover, the number of sheets of J()) equals [G : H]|, and if H is normal then G/H = Aut(}).
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Theorem Lifting criterion

Let Z be a connected ASC, p: Y — B a covering, ¢ : Z — B an simplicial map, b € p~*({b}) and w
The following are equivalent:

1. There exists a unique simplicial map ¢ : Z — Y such that po § = ¢ and G(w) = b.
2. q«m(Z,w) is a subgroup of p,m (Y, 5)

€qt.

Lemma Cover morphism uniquenessl

then ¢ must be the identity map.

If p: Y — Bis a connected covering and ¢ : ) — ) is a covering morphism such that ¢(y) = y for some y € V()

6 Higher homology

6.1 Chain complexes

Definition Chain comp/exl

A chain complex is a sequence of vector spaces and linear maps

On On—1 On—2 0 0. o 9
Cn—)Cn_l n‘)Cn_Qn—)—B)CQ—Z>C1—I>CO—O)O

such that 94—1 0 9, = 0 for all q.

Definition Orientation of a q-simplex |

An orientation of a g-simplex S is a choice of equivalence class where

{ao,...,an} ~{ap) .- apm)}  iff O is an even permutation

Definition Oriented q-chain |

Let T, be the vector space generated by oriented g-simplices, o a permutation,
and O, the vector subspace generated by [ag, a1, . . ., a,|+sign(o)[a(0), Go(1), - - - » Ao n)] for all {ag, a1,
Then we define Cy(A;F) =T,/0,.

.o ant €A

Definition Boundary map |

0y : Cy(A) = Cy_1(A) Oy([ao, - .., aq4]) = Z(—l)i[ao, ey Gy ag]

The hat denotes that we remove a;.

Lemma |

O0g—100q =0, and thus C; and 9, form a chain complex.

6.2 ¢-th homology

Definition g-th homo/ogyl

The g-th homology of a complex C'is

H,(C) =ker9,/1im Jy41

Lemma |

If A~ B, then H,(A) = H,(B)

Note |

Hy(A) measures the path components of A.
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Theorem |

For any ASC A we have

o0

dim Hy (A; Q) = x(A)

q=0

Theorem |

A is orientable if and only if Hs(A,dA;Q) # 0.

Definition Induced map |

Let f: A — B be a simplicial map. We have the linear map f, : Cy(A) — Cy(B) defined by:

[f(’l}o)7...,f(’l)q)] if dimf({vo,...,vq})zq

o extended linearly
0 if dim f({vo,...,vq}) #q ( )

f*([UOa---avq]) = {

6.3 Mayer-Vietoris exact sequence

Definition Exact sequence |

A sequence of maps f, is exact if ker f; = im f,4; for all ¢.

Theorem Mayer-Vietoris exact sequence |

For any ASC ¥ = T'U ® with dim > = n, we define the following maps for any ¢:
H (DN ®) 2% H, (D) ® Hy(®) 2 H, (DU ®) 2 H, (TN ®)

Let ¢ be the inclusion map, and define j; and k; by:

Jq = (tr)« ® (ta)« kj(aep)=a-p

and define ¢; by:

r=7+p v€CI) ¢eCi(®) Lli(z)=0(y)€ Hi1(I'ND)
The following sequence is exact:
0— Hy(TN®) 2% H,(T) @ Ha(®) 2 H,(CU @) L2

kn—1

Ho (DN ®) 2% Hy (D) @ Hyoy (®) 225 H,_y (DU ®) 225
— Hy(TN®) 2% H,(T) @ Hy(®) 2% H(TU®) 2

— Ho(T N®) 2% Hy(T) & Ho(®) 2% Ho(TU D) £ 0

7 Topology

7.1 Topological spaces

Definition Topological space |

A topology 7 on a set X is a subset 7 C 2% satisfying
1. T contains @ and X.
2. T is closed under finite intersections
3. T is closed under arbitrary unions

We call sets in T open and sets in 7 closed. The pair (X, 7) is called a topological space.
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Definition Continuity |

A function f : X — Y is continuous iff for all open sets O C Y, f~1(O) is open in X.
A bijection whose inverse is also continuous is called a homeomorphism.

Definition Subspace topology |

If B C X, then a topology T on X gives a topology on B, defined by Tg ={TNB|T €T}

7.2 Polyhedra

Definition Standard simplex

For any finite set .S define the vector space RS spanned by vectors {e; : s € S}
and the standard simplex of dimension #5:

Ag = {Zass:Zas =1,a, € [0,1]}

seSs seS

Definition Polyhedron

For an ASC A we define the polyhedron of A to be

4= | As SRV(A)
AcA

|A| is a topological space with respect to the subspace topology .

Definition |

Given a simplicial map g : A — B we define |g| : |A| — |B] by

lg] (Z Aaa> = Aagla)

a€A acA

7.3 Homotopy

Definition Homotopy |

Given continuous maps f,g: X — Y we say f and g are homotopic, denoted f ~ g,
if there is a map H : X x [0,1] — Y such that H(z,0) = f(x) and H(z,1) = g(z) for all z € X

Straight line homotopy |

If Y is a vector space, we have the following homotopy:

H(z,t) = f(z)(1 1) + tg()

Definition Homotopy equivalence |

that fog~idyx and go f ~idy

Topological spaces X, Y are homotopy equivalent if there exist continuous maps f: X — Y and g: Y — X such

Theorem |

If A and B are simple homotopy equivalent, then |.A| and |B| are homotopy equivalent.
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7.4 Simplicial approximation

Definition Barycentric subdivision |

Given an ASC A define
A/: {(AO;Al?"')) AZ EA’Al gAiJ,»l}

Note that we have V(A") = A. We denote n-fold subdivision by A™.

Definition Carrier |

For all « € | A| there is a unique A € A with maximal dimension such that z € Ay4.
We call Ay = carr(z) the carrier of x.

Definition Simplicial approximationl

g : A — B is a simplicial approximation of f : A — B iff for all x € | A|, |g|(x) € carr(f(z))

Lemma |

f is homotopic to |g| if g approximates f.

Theorem Simplicial approximation theoreml

For any continuous map f : |A| — |B| there exists a simplicial approximation g : A — B of the map
foh:|A™ — |B| where h is the standard homeomorphism |A™| — |A].

Lemma Barycentric coordinates |

Let vy, ..., v, be vectors in V such that removing any v; gives a basis of V.
n n n
Foreveryz € S = {y Eviy=), )\wi} there exist unique Aq,..., A, such that z = > \;u;, satisfying >~ A; = 1.
i=0 i=0 i=0
The numbers \; are called the barycentric coordinates of x w.r.t. vg,...,v,.
The point with \; = 1= called the barycentre of the triangle [vo, ..., v, = {z € §: \; € [0,1]}.

Theorem Brouwer fixed point theorem |

For any continuous map f : |D"| — |D"| there exists x € |D"| with f(z) = «.
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